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The possibility of obtaining surface-phason modes in incommensurate crystals is investigated.
Both the dimension of the incommensurateness and the nature of the surface boundary conditions
are found to play an important role in determining whether or not surface phasons exist.
I. INTRODUCTION
Propagating surface elastic waves (or Rayleigh waves)
are known to occur at crystal surfaces and have been
studied in some detail. ' The original paper on phasons in
incommensurate crystals by Overhauser made it clear
that there was a close analogy between the (bulk) phason
modes of incommensurate structures and the (bulk) long-
wavelength elastic waves of ordinary crystals. It is there-
fore natural to consider the question of whether or not
surface-phason waves are possible. The studies carried
out below show that the answer to this question depends
on both the dimension of the incommensurateness and on
the nature of the boundary conditions constraining the
phason motion at the surface. The related problem of
phason propagation in an incommensurate surface recon-
struction has recently been studied by Wang et al.
The equations of motion used to describe the phason
dynamics in this paper will be those developed previously
by Walker and Gooding. Just as elastic deformations
are characterized by an elastic displacement field called
u(r, t), deformations of the phase field are characterized
by a phase displacement field called U(r, t). The number
of components of the phase displacement field is, howev-
er, not necessarily equal. to 3 (as in the case of the elastic
displacement field) but is equal to the dimension of the in-
commensurateness. For example, consider a crystal
which, at high temperatures, has its ions situated at the
points R„of a Bravais lattice. Now suppose that the
temperature is lowered and the crystal undergoes a phase
transition to an incommensurate phase in which the nth
ion has a displacement d„=dosin[Q (R„—U)] from its
original Bravais-lattice position. The modulation pattern
can be translated by changing U. It is clear, however,
that only changes in U which are parallel to Q are physi-
cally significant, since only these changes can change the
displacements of the ions. In this case, there is only a sin-
gle modulation direction, namely the direction of Q; the
incommensurateness is therefore one dimensional, and
the phase displacement field has a single component.
It is known that the energy of an incommensurate crys-
tal is invariant with respect to a homogeneous translation
of the modulation pattern, i.e., a change in the field
U(r, t) which is independent of the position r. The free
energy is therefore written as a function of the gradients
BU;
U, p
— (r, t) (l)
axe
of the displacement field. In our notation, Latin sub-
scripts such as i,j label the components of the displace-
ment field, and Greek subscripts such as a,P take the
values x, y, or z. An expansion of the free-energy density
up to second order in the displacement gradients thus
yields
(2)
where the summation convention is used. Also, the ki-
netic energy density is
T=
—,'p; U;U
where p,. is the effective mass density tensor. The equa-
tions of motion can now be found using
(4)
where the effective stress tensor is
c)F
aUi, a
and 4 is a dissipation function which will be put equal to
zero for the moment.
In the remainder of the paper, the possible existence of
surface-phason waves will be examined for a number of
different geometries.
II. UNIAXIAL CRYSTAL MODULATED
ALONG UNIQUE AXIS ONLY
The unique axis will be taken to be the z axis. Since
the modulation is along the z axis, only the component
U, of the phason displacement field is physically
significant. The requirements of symmetry constrain the
free-energy density Fof Eq. (2) to take the form
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Fjp= ,'a—[(U,„) +(U, ) ]+ ib(U, , ) (6) X ))
here, the free-energy density has been divided by the
effective mass density p (p; =p5; ) so that the constants a
and b will have dimensions of velocity squared. The
equation of motion is
U, =bU, „+a(U, , +U, ) . (7) (a) (b)
Consider first the geometry of Fig. 1(a), for which the
modulation direction is normal to the surface, and look
for a surface-wave solution having the form
FIG. 1. Two different orientations of the coordinate axes rel-
ative to the sample. In (a) the sample occupies the half-space
z )0, whereas in (b) the sample occupies the half-space x & 0.




X„=bU, ,=0 . (10)
On the other hand, the boundary condition correspond-
ing to complete pinning of the phase at the surface is
where U —=a.
It is now necessary to ensure that the solution given by
Eq. (8) satisfies an appropriate boundary condition. Note
that the quantity X; defined by Eq. (5) can be interpreted
as the ith component of the effective force on a surface
which is normal to the direction 0,. Therefore the bound-
ary condition appropriate to the absence of pinning of the
phase at the surface would be
U, ~, 0=const .
Both boundary conditions, Eqs. (10) and (11), lead to the
result A =0, i.e., the sought-after surface-wave solution
does not exist. Similar arguments show that there are no
propagating surface waves for the geometry of Fig. 1(b)
also.
III. UNIAXIAL CRYSTAL
WITH TWO-DIMKNSlONAL MODULATION NORMAL
TO UNIQUE AXIS
Quartz is a hexagonal crystal for which an incommens-
urate phase exists at approximately 846 K. This phase is
modulated in the basal plane and the appropriate phase
displacement field has two components, U and U . The
free energy associated with phase-displacement-field dis-
tortions as well as the dissipative function have been
given previously and are
F!p= ,'a(U, +U —)+ —,'b[(U„„—U ) +(U, +U „) ]+—,'c(U —U „)
+d(U -+ U )(U, —U „)+—,'f (U, + U, ),
1~aV aV
2 w Bt Bt
(12)
(13)
respectively. The equations of motions are found using
Eq. (4).
It turns out that the algebra is much simpler if the pa-
rameter d is set equal to zero, and we shall therefore take
d =0.
First, we look for bulk solutions of the form
i {q r —cut) (14)
where q lies in the basal plane (as does Uo). An exact
solution for the dispersion relation of these modes can be
found without difhculty but the results are most easily in-
terpreted in the two limiting cases of high- and low-
frequency modes. For ~~))1, the modes are propaga-
ting with dispersion relations








U(r, t)=U,. e ~ e'i"iO (17)
The subscripts I and t refer to longitudinal modes and
transverse modes, respectively. That bulk-phason modes
are diffusive at long wavelengths was first pointed out by
Golovko and Levanyuk.
Now consider the possibility of urface phasons for the
geometry of Fig. 1(b) and write
co=cik, ci =(a +b);
co=c,k, c, =(b +c);
(15a)
(15b)
where i =x,y. In order for this expression to satisfy the
equation of motion, ~ must have one of two values, ~I or
~„given by







co = co + t co /7 (19)
The boundary conditions corresponding to the absence
of pinning are
(20)
The condition that solutions of the form of Eq. (17) satis-
fy Eq. (20) is
0.5
0.5 1.0
g —8$ +8/(3 2P)P—, ) —16(2—Pt —P, ) =0,
where
(21) FIG. 2. Solution of Eq. (21) for g' as a function of the parame-
ter P~ for two values of the parameter P, .
co + l co /1
bk
also P =tb/c tand P, =b/ ,c. Examination of Eq. (21)
shows that for the case P, =1 (i.e., when the elastic con-
stant c of the free eriergy is zero), this equation reduces to
the equation which occurs in the theory of ordiriary elas-
tic surface waves. ' In Fig. 2, we show solutions of this
equation which correspond to surface waves for two
values of the parameter 13, as a function of the parameter
1'
Now fix the values of Pt and P, and let g be the solu-
tion of Eq. (21) as found, for example, from Fig. 2. For
the case car » 1, Eq. (22) reduces to
co=c,k, c, =bg, (23)
which indicates that the surface waves are propagating
and have the phase velocity c, . The decay constants for
this case are
a, , =k [1—(c, /ct, ) ]'i (24)
It can be shown that the decay constants are real for the
values of (given in Fig. 2. In fact, for positive values of
g & min(13t ',P, ') the decay constants are real. For
cow & 1, Eq. (22) reduces to
corresponding to complete pinning (i.e., both U„and U»
equal to a constant at the surface) and find that there are
no surface waves in this case.
IV. CONCLUSION
Whether or not surface phasons can exist depends on
the dimension of the incommensurateness and on wheth-
er or not the phase field is pinned at the boundary. Sur-
face phasons do not exist if the incommensurateness is
one dimensional. In the case of quartz, for which the in-
commensurateness is two dimensional, surface-phason
modes were found to exist when the phase field was not
pinned at the surface, but did not exist when the phase
field was pinned. When surface phasons do exist, they
are found to be diffusive in character at long wavelengths
and propagating in character at shorter wavelengths; in
this respect, they are similar to the bulk-phason modes.
In their study of the surface phasons associated with an
incommensurate surface reconstruction, Wang et ah.
found propagating phason modes. It would be expected
that at sufficiently long wavelengths, the surface-phason
modes found by them would be diffusive also.
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